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Abstract
Let G be a deﬁnably compact deﬁnable group and X a deﬁnable G set. We prove that
there exists a deﬁnable strong G deformation retraction L from X to a deﬁnably compact
deﬁnable G subset Y of X.
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1 . Introduction.
LetN = (R,+, ·, <, . . . ) be an o-minimal
expansion of a real closed ﬁeld R. Every-
thing is considered inN , every deﬁnable map
is assumed to be continuous and the term
“deﬁnable” is used throughout in the sense
of “deﬁnable with parameters in N ” unless
otherwise stated.
General references on o-minimal struc-
tures are [2], [3], also see [8].
LetM = (R,+, ·, <, . . . ) be an o-minimal
expansion of the ﬁeld R of real numbers. De-
ﬁnable CrG manifolds and deﬁnable G sets
in M are studied in [6], [5], [4].
In M the following theorem is proved
([5]).
Theorem 1.1 ([5]). Let G be a com-
pact deﬁnable group and X a deﬁnable G set.
Then there exists a deﬁnable strong G de-
formation retraction L from X to a compact
deﬁnable G subset Y of X.
In this paper, we generalize Theorem 1.1
to N .
Let X ⊂ Rn and Y ⊂ Rm be deﬁn-
able sets. A continuous map f : X → Y
is definable if the graph of f (⊂ X × Y ⊂
Rn ×Rm) is a deﬁnable set.
A group G is a definable group if G is a
deﬁnable set and the group operations G ×
G→ G and G→ G are deﬁnable.
A deﬁnable subset X of Rn is definably
compact if for every deﬁnable map f : [0, 1)R
→ X, there exists the limit limx→1 f(x) in
X, where [0, 1)R = {x ∈ R|0 ≤ x < 1}. If
R = R, then for any deﬁnable subset X of
Rn, X is compact if and only if it is deﬁnably
compact. In general a deﬁnably compact set
is not necessarily compact. For example, if
R = Ralg, then [0, 1]Ralg = {x ∈ Ralg|0 ≤
x ≤ 1} is deﬁnably compact but not com-
pact.
Let G be a deﬁnably compact deﬁnable
group. A group homomorphism from G to
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some On(R) is a representation if it is de-
ﬁnable, where On(R) means the nth orthog-
onal group of R. A representation space of
G is Rn with the orthogonal action induced
from a representation of G. A definable G
set means a G invariant deﬁnable subset of
some representation space of G.
Theorem 1.2. Let G be a deﬁnably com-
pact deﬁnable group and X a deﬁnable G set.
Then there exists a deﬁnable strong G defor-
mation retraction L from X to a deﬁnably
compact deﬁnable G subset Y of X.
2 Proof of Theorem 1.2
Let X ⊂ Rn, Z ⊂ Rm be deﬁnable sets and
f : X → Z a deﬁnable map. We say that f is
a definable homeomorphism if there exists
a deﬁnable map h : Z → X such that f ◦h =
idZ and h ◦ f = idX . We call f definably
proper if for every deﬁnably compact subset
C of Z, f−1(C) is deﬁnably compact.
Theorem 2.1. (1) (Deﬁnable triangula-
tion (e.g. (8.2.9 [2])). Let S ⊂ Rn be a
deﬁnable set and S1, . . . , Sk deﬁnable sub-
sets of S. Then there exist a ﬁnite simpli-
cial complex K in Rn and a deﬁnable map
φ : S → Rn such that φ maps S and each
Si deﬁnably homeomorphically onto a union
of open simplexes of K. If S is deﬁnably
compact, then we can take K = φ(S).
(2) (Piecewise deﬁnable trivialization (e.g.
9.1.2 [2])). Let X and Z be deﬁnable sets
and f : X → Z a deﬁnable map. Then there
exist a ﬁnite partition {Ti}ki=1 of Z into de-
ﬁnable sets and deﬁnable homeomorphisms
φi : f
−1(Ti)→ Ti× f−1(zi) such that f |f−1(
Ti) = pi ◦ φi, (1 ≤ i ≤ k), where zi ∈ Ti and
pi : Ti×f−1(zi)→ Ti denotes the projection.
(3) (Existence of deﬁnable quotient (e.g. 10.
2.18 [2])). Let G be a deﬁnably compact de-
ﬁnable group and X a deﬁnable G set. Then
the orbit space X/G exists as a deﬁnable set
and the orbit map π : X → X/G is surjec-
tive, deﬁnable and deﬁnably proper.
A subgroup of a deﬁnable group is a
definable subgroup of it if it is a deﬁnable
subset of it. Note that every deﬁnable sub-
group of a deﬁnable group is closed ([7]) and
a closed subgroup of a deﬁnable group is not
necessarily deﬁnable. A deﬁnable map (resp.
A deﬁnable homeomorphism) between deﬁn-
able G sets is a definable G map (resp. a
definable G homeomorphism) if it is a G
map.
Let G be a deﬁnable group. A definable
set with a definable G action is a pair (X,φ)
consisting of a deﬁnable set X and a group
action φ : G × X → X such that φ is a
deﬁnable map. This action is not necessar-
ily linear (orthogonal). Similarly, we can
deﬁne definable G maps and definable G
homeomorphisms between them.
Using Theorem 2.1 (3), if H is a deﬁn-
able subgroup of a deﬁnably compact deﬁn-
able group G, then G/H is a deﬁnable set,
and the standard action G × G/H → G/H
deﬁned by (g, g�H) �→ gg�H of G on G/H
makes G/H a deﬁnable set with a deﬁnable
G action.
Deﬁnition 2.2. Let G be a deﬁnably
compact deﬁnable group.
(1) A definable G CW complex is a ﬁ-
nite G CW complex (X, {ci|i ∈ I}) satisfy-
ing the following three conditions.
(a) The underlying space |X| of X is a de-
ﬁnable G set.
(b) The characteristic map fci : G/Hci ×
Δ → ci of each open G cell ci is a de-
ﬁnable G map and fci|G/Hci × Int Δ :
G/Hci × Int Δ → ci is a deﬁnable G
homeomorphism, where Hci is a deﬁn-
able subgroup of G, Δ denotes a stan-
dard closed simplex, ci is the closure of
ci in X, and Int Δ means the interior
of Δ.
(c) For each ci, ci − ci is a ﬁnite union of
open G cells.
(2) Let X and Z be deﬁnable G CW
complexes. A cellular G map f : X → Z
is definable if f : |X| → |Z| is deﬁnable.
Since G and every standard closed sim-
plex are deﬁnably compact and by deﬁni-
tion, every deﬁnable G CW complex X is
deﬁnably compact. Note that a G CW sub-
complex of a deﬁnable G CW complex is a
deﬁnable G CW complex itself.
Theorem 2.3. Let G be a deﬁnably com-
pact deﬁnable group. Let X be a deﬁnable G
set and Y a deﬁnable closed G subset of X.
Then there exist a deﬁnable G CW complex
Z in a representation space Ξ of G, a G CW
subcomplex W of Z, and a deﬁnable G map
f : X → Z such that:
1. f maps X and Y deﬁnably G homeo-
morphically onto G invariant deﬁnable
subsets Z1 and W1 of Z and W ob-
tained by removing some open G cells
from Z and W , respectively.
2. The orbit map π : Z → Z/G is a de-
ﬁnable cellular map.
3. The orbit space Z/G is a ﬁnite sim-
plicial complex compatible with π(Z1)
and π(W1).
4. For each open G cell c of Z, π|c : c→
π(c) has a deﬁnable section s : π(c)→
c, where c denotes the closure of c in
Z.
Moreover, if X is deﬁnably compact, then
Z = f(X) and W = f(Y ).
By a way similar to Theorem II.3.1 [1]
and 2.7 [6], we have the following lemma.
Lemma 2.4. Let G be a deﬁnably com-
pact deﬁnable group, K,H deﬁnable sub-
groups of G with K < H and X is a de-
ﬁnable K set. Then the map G ×K X →
G ×H (H ×K X), [g, x] �→ [g, [e, x]] is a de-
ﬁnable G homeomorphism, where e denotes
the unit element of G.
As in a similar way of [4], we can deﬁne
orbit types of a deﬁnably compact deﬁnable
group and we have the following theorem.
Theorem 2.5. Let G be a deﬁnably com-
pact deﬁnable group. Then every deﬁnable G
set has only ﬁnitely many orbit types.
Using Theorem 2.1 (2), (3), Lemma 2.4
and Theorem 2.5, by a way similar to the
proof of 2.5 [6], we have the following theo-
rem. It is an equivariant version of Theorem
2.1 (2) and a generalization of 2.5 [6].
Theorem 2.6. Let G be a deﬁnably com-
pact deﬁnable group, X a deﬁnable G set,
Z a deﬁnable set and f : X → Z a G in-
variant deﬁnable map. Then there exist a
ﬁnite decomposition {Ti}ki=1 of Z into deﬁn-
able sets and deﬁnable G homeomorphisms
φi : f
−1(Ti)→ Ti× f−1(zi) such that f |f−1(
Ti) = pi ◦ φi, (1 ≤ i ≤ k), where pi denotes
the projection Ti×f−1(yi)→ Ti and zi ∈ Ti.
Proof of Theorem 2.3. Let Ω be a rep-
resentation space of G containing X as a G
invariant deﬁnable subset. We identify Ω
with Ω × {1} ⊂ Ω × R := Ξ. Replacing
Ω by Ξ, we may assume that 0 �∈ X. Let
ψ : Ξ−{0} → Ξ−{0} be the deﬁnable map
deﬁned by x �→ x/||x||2, where ||x|| denotes
the standard norm of x. By the deﬁnition
of deﬁnable G sets, the standard norm is G
invariant. Thus ψ is a deﬁnable G homeo-
morphism. Replacing X by ψ(X), we may
assume thatX is bounded. Then the closure
X of X in Ξ is a deﬁnably compact deﬁn-
able G set. By Theorem 2.1 (3), X/G is a
deﬁnably compact deﬁnable set and the or-
bit map πX : X → X/G is a deﬁnable map.
By Theorem 2.6, there exist a ﬁnite de-
composition {Bi}ki=1 of X/G into deﬁnable
sets and deﬁnable G homeomorphisms φi :
Bi × π−1X (bi) → π−1X (Bi), (1 ≤ i ≤ k), such
that πX |π−1X (Bi) = pi ◦ φ−1i , (1 ≤ i ≤ k),
where bi ∈ Bi and pi denotes the projection
Bi × π−1X (bi)→ Bi.
By Theorem 2.1 (1) and since X/G is
deﬁnably compact, there exist a ﬁnite sim-
plicial complex K and a deﬁnable homeo-
morphism τ : X/G → K such that τ maps
each of πX(X), {Bi}, πX(Y ), cl(πX(Y )) onto
a union of open simplexes of K, where cl(πX
(Y )) denotes the closure of πX(Y ) in X/G.
Note that τ(cl(πX(Y ))) is a subcomplex of
K. Replace K by its ﬁrst barycentric subdi-
vision K.
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deﬁnably compact. Note that a G CW sub-
complex of a deﬁnable G CW complex is a
deﬁnable G CW complex itself.
Theorem 2.3. Let G be a deﬁnably com-
pact deﬁnable group. Let X be a deﬁnable G
set and Y a deﬁnable closed G subset of X.
Then there exist a deﬁnable G CW complex
Z in a representation space Ξ of G, a G CW
subcomplex W of Z, and a deﬁnable G map
f : X → Z such that:
1. f maps X and Y deﬁnably G homeo-
morphically onto G invariant deﬁnable
subsets Z1 and W1 of Z and W ob-
tained by removing some open G cells
from Z and W , respectively.
2. The orbit map π : Z → Z/G is a de-
ﬁnable cellular map.
3. The orbit space Z/G is a ﬁnite sim-
plicial complex compatible with π(Z1)
and π(W1).
4. For each open G cell c of Z, π|c : c→
π(c) has a deﬁnable section s : π(c)→
c, where c denotes the closure of c in
Z.
Moreover, if X is deﬁnably compact, then
Z = f(X) and W = f(Y ).
By a way similar to Theorem II.3.1 [1]
and 2.7 [6], we have the following lemma.
Lemma 2.4. Let G be a deﬁnably com-
pact deﬁnable group, K,H deﬁnable sub-
groups of G with K < H and X is a de-
ﬁnable K set. Then the map G ×K X →
G ×H (H ×K X), [g, x] �→ [g, [e, x]] is a de-
ﬁnable G homeomorphism, where e denotes
the unit element of G.
As in a similar way of [4], we can deﬁne
orbit types of a deﬁnably compact deﬁnable
group and we have the following theorem.
Theorem 2.5. Let G be a deﬁnably com-
pact deﬁnable group. Then every deﬁnable G
set has only ﬁnitely many orbit types.
Using Theorem 2.1 (2), (3), Lemma 2.4
and Theorem 2.5, by a way similar to the
proof of 2.5 [6], we have the following theo-
rem. It is an equivariant version of Theorem
2.1 (2) and a generalization of 2.5 [6].
Theorem 2.6. Let G be a deﬁnably com-
pact deﬁnable group, X a deﬁnable G set,
Z a deﬁnable set and f : X → Z a G in-
variant deﬁnable map. Then there exist a
ﬁnite decomposition {Ti}ki=1 of Z into deﬁn-
able sets and deﬁnable G homeomorphisms
φi : f
−1(Ti)→ Ti× f−1(zi) such that f |f−1(
Ti) = pi ◦ φi, (1 ≤ i ≤ k), where pi denotes
the projection Ti×f−1(yi)→ Ti and zi ∈ Ti.
Proof of Theorem 2.3. Let Ω be a rep-
resentation space of G containing X as a G
invariant deﬁnable subset. We identify Ω
with Ω × {1} ⊂ Ω × R := Ξ. Replacing
Ω by Ξ, we may assume that 0 �∈ X. Let
ψ : Ξ−{0} → Ξ−{0} be the deﬁnable map
deﬁned by x �→ x/||x||2, where ||x|| denotes
the standard norm of x. By the deﬁnition
of deﬁnable G sets, the standard norm is G
invariant. Thus ψ is a deﬁnable G homeo-
morphism. Replacing X by ψ(X), we may
assume thatX is bounded. Then the closure
X of X in Ξ is a deﬁnably compact deﬁn-
able G set. By Theorem 2.1 (3), X/G is a
deﬁnably compact deﬁnable set and the or-
bit map πX : X → X/G is a deﬁnable map.
By Theorem 2.6, there exist a ﬁnite de-
composition {Bi}ki=1 of X/G into deﬁnable
sets and deﬁnable G homeomorphisms φi :
Bi × π−1X (bi) → π−1X (Bi), (1 ≤ i ≤ k), such
that πX |π−1X (Bi) = pi ◦ φ−1i , (1 ≤ i ≤ k),
where bi ∈ Bi and pi denotes the projection
Bi × π−1X (bi)→ Bi.
By Theorem 2.1 (1) and since X/G is
deﬁnably compact, there exist a ﬁnite sim-
plicial complex K and a deﬁnable homeo-
morphism τ : X/G → K such that τ maps
each of πX(X), {Bi}, πX(Y ), cl(πX(Y )) onto
a union of open simplexes of K, where cl(πX
(Y )) denotes the closure of πX(Y ) in X/G.
Note that τ(cl(πX(Y ))) is a subcomplex of
K. Replace K by its ﬁrst barycentric subdi-
vision K.
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We claim that each closed simplex Δ ∈
K admits a deﬁnable section s : τ−1(Δ) →
π−1
X
(τ−1(Δ)) of πX |π−1X (τ−1(Δ)).
By the choice of K, for every open sim-
plex Int Δ, there exists a deﬁnable G home-
omorphism h : π−1
X
(τ−1(Int Δ))→ π−1
X
(a)×
τ−1(Int Δ) such that πX |π−1X (τ−1(Int Δ)) =
p� ◦ h, where p� : π−1(a) × τ−1(Int Δ) →
τ−1(Int Δ) denotes the projection onto the
second factor and a ∈ τ−1(Int Δ). Hence we
obtain a deﬁnable section s˜ of πX |π−1X (τ−1(
Int Δ)) deﬁned by s˜(x) = h−1(b, x), where
b ∈ π−1
X
(a). Since X is deﬁnably compact,
Δ is a closed simplex and h is deﬁnable, we
have a deﬁnable extension s : τ−1(Δ) →
π−1
X
(τ−1(Δ)) of s˜. Thus the proof of the
claim is complete.
Put σ = s(τ−1(Δ)). Then s ◦ τ−1 : Δ →
σ is a deﬁnable homeomorphism. Hence
there exists a deﬁnable G map fσ : G/H ×
Δ ∼= G(b)×Δ→ Gσ, (gH, x) �→ g(sτ−1(x)))
such that fσ|G/H× Int Δ : G/H× Int Δ→
Gσ is a deﬁnable G homeomorphism, where
H denotes the isotropy subgroup of b. More-
over fσ is a deﬁnable G homeomorphism.
By collecting G cells Gσ = π−1
X
(τ−1(Δ))
for all closed simplexes Δ ofK, we have a de-
ﬁnable G CW complex Z such that Z = X
and Z/G = X/G. Similarly we obtaine a
subcomplex W of Z such that W = Y and
W/G = Y /G, where Y denotes the closure
of Y in Ξ. By the construction of Z, the or-
bit map π : Z → Z/G is a deﬁnable cellular
map. Taking Z1 = ∪{π−1X (τ−1(Int Δ))|Δ ∈
K, τ−1(Int Δ) ⊂ πX(X)} and W1 = ∪{π−1X (
τ−1(Int Δ))|Δ ∈ K, τ−1(Int Δ) ⊂ πX(Y )},
we have the required deﬁnable G homeomor-
phism f from (X, Y ) to (Z1,W1).
Note that in the proof of Theorem 2.3,
replacing K by any subdivision K∗ of K, we
have the corresponding subdivision of Z∗ of
Z instead of Z.
Let X be a deﬁnable G set and Y a de-
ﬁnable G subset of X. We say that a de-
ﬁnable G map l : X → Y is a definable
G retraction from X to Y if l|Y = idY . A
definable strong G deformation retraction
from X to Y is a deﬁnable G map L :
X × [0, 1]R → X such that L(x, 0) = x for
all x ∈ X, L(y, t) = y for all y ∈ Y, t ∈
[0, 1]R and L(X, 1) = Y , where the action
on [0, 1]R = {x ∈ R|0 ≤ x ≤ 1} is trivial.
Note that L(·, 1) : X → Y is a deﬁnable G
retraction from X to Y .
Let Z be a ﬁnite simplicial complex in
Rn and X a union of open simplexes of Z.
A subset Y of X is called a subcomplex of
X if there exists a subcomplex Z1 of Z with
Y = X ∩ Z1. Note that every subcomplex
of X is closed in X. The first barycentric
subdivision X � of X is the intersection of
the ﬁrst barycentric subdivision Z � of Z with
X. Similarly the nth barycentric subdivi-
sion of X is deﬁned. The star StX(Y ) (resp.
StX′(Y )) of Y in X (resp. X
�) is the union
of all open simplexes σ of X (resp. X �) with
cl(σ) ∩ Y �= ∅, where cl(σ) denotes the clo-
sure of σ in X.
The above terms are deﬁned similarly for
deﬁnable G CW complexes.
Let X be a union of open simplexes of a
ﬁnite simplicial complex Z. Then the max-
imal deﬁnably compact subcomplex Y of X
is {σ ∈ Z|σ ⊂ X} and X = StX(Y ), where
σ denotes the closure of σ in Z.
Proof of Theorem 1.2. Let Ξ be a rep-
resentation space of G containing X as a
deﬁnable G set. Then by Theorem 2.3, X
is deﬁnably G homeomorphic to a union of
open G cells of a deﬁnable G CW complex
C in Ξ. We identify X with its deﬁnably G
homeomorphic image and replace C and X
by their second barycentric subdivisions.
Let fc : G/H ×Δ→ c ⊂ C be the deﬁn-
able characteristic map of an open G cell c
of X and put σ = fc({eH} × Int Δ), where
c denotes the closure of c in C. Remark that
c = Gσ and c = Gσ = Gσ, where σ denotes
the closure of σ in C.
Let Y denote the maximum deﬁnably
compact G CW subcomplex of X. In other
words, Y is the union of all open G cells c of
X such that c ⊂ X. Then c ∩ Y �= ∅ for all
open G cells c of X, thus the star StX(Y ) of
Y in X is X.
Let Cn be the set of open G n-cells c
of X such that c ∩ Y = ∅. Then each Cn
is a ﬁnite set and C0 = ∅. Let X0 = Y
and Xn = Y ∪ X(n) for n ≥ 1, where X(n)
denotes the union of open G r-cells c of X
with r ≤ n. Then Xn = Y ∪ ∪c∈∪nk=0Ck c.
By the construction of a deﬁnable G CW
complex structure C of X, for every open G
n-cell c ∈ Cn, there exists a proper subset
Δ� of Δ obtained by removing some lower di-
mensional faces of Δ such that f−1c (c∩X) =
G/H × Δ�. By the construction of Y , if
c ⊂ X, then c ⊂ Y Let δ = fc({eH} ×Δ�).
Then σ ⊂ δ � σ = fc({eH} × Δ), cl σ = δ
and Gδ = cl c, where cl σ (resp. cl c) de-
notes the closure of σ (resp. c) in X.
Remark that there exists a semialgebraic
strong deformation retraction Δ�× [0, 1]R →
Δ� from Δ� to ∂Δ� := Δ� − Int Δ�. Thus
for every open G n-cell c = Gσ ∈ Cn, there
exists a deﬁnable strong H deformation re-
traction F nδ : δ × [0, 1]R → δ from δ to
∂δ := δ − Int δ, because the action H ac-
tion on δ is trivial. Using F nδ , we have a
deﬁnable strong G deformation retraction
LnGδ := G×HF nδ : (G×Hδ)×[0, 1]R → G×Hδ
from G×H δ to G×H ∂δ. Since G×H δ ∼= Gδ
and G ×H ∂δ ∼= G∂δ, it gives a deﬁnable
strong G deformation retraction from Gδ to
G∂δ (⊂ Xn−1).
Thus ∪{LnGδ|c ∈ Cn} induces a deﬁn-
able strong G deformation retraction Ln :
Xn × [0, 1]R → Xn from Xn to Xn−1. We
can deﬁne Ln−1 • Ln : Xn × [0, 1]R → Xn,
Ln−1 • Ln(x, t)
=
{
Ln(x, 2t), 0 ≤ t ≤ 1/2
Ln−1(Ln(x, 1), 2t− 1), 1/2 ≤ t ≤ 1.
Therefore the required deﬁnable strong G
deformation retraction L = L1 • L2 • · · · •
Lm−1 • Lm : X × [0, 1]R → X from X to Y
is obtained inductively, where m = min{n ∈
N|X = Xn}.
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exists a deﬁnable strong H deformation re-
traction F nδ : δ × [0, 1]R → δ from δ to
∂δ := δ − Int δ, because the action H ac-
tion on δ is trivial. Using F nδ , we have a
deﬁnable strong G deformation retraction
LnGδ := G×HF nδ : (G×Hδ)×[0, 1]R → G×Hδ
from G×H δ to G×H ∂δ. Since G×H δ ∼= Gδ
and G ×H ∂δ ∼= G∂δ, it gives a deﬁnable
strong G deformation retraction from Gδ to
G∂δ (⊂ Xn−1).
Thus ∪{LnGδ|c ∈ Cn} induces a deﬁn-
able strong G deformation retraction Ln :
Xn × [0, 1]R → Xn from Xn to Xn−1. We
can deﬁne Ln−1 • Ln : Xn × [0, 1]R → Xn,
Ln−1 • Ln(x, t)
=
{
Ln(x, 2t), 0 ≤ t ≤ 1/2
Ln−1(Ln(x, 1), 2t− 1), 1/2 ≤ t ≤ 1.
Therefore the required deﬁnable strong G
deformation retraction L = L1 • L2 • · · · •
Lm−1 • Lm : X × [0, 1]R → X from X to Y
is obtained inductively, where m = min{n ∈
N|X = Xn}.
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